CURVATURE CALCULATIONS FOR A CLASS OF 
HOMOGENEOUS OPERATORS 
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Abstract. For an operator T in the class B n (f2), introduced in [4], the simultaneous unitary equiv- 
alence class of the curvature and the covariant derivatives up to a certain order of the corresponding 
bundle Et determine the unitary equivalence class of the operator T. In the paper [6] , the authors 
ask if there exists some pair of inequivalent oprators Ti and T2 for which the simultaneous unitary 
equivalence class of the curvature along with all the covariant derivatives coincide except for the 
derivative of the highest order. Here we show that some of the covariant derivatives are necessary to 
determine the unitary equivalence class of the operators in B n (fi). Our examples consist of homo- 
geneous operators. For homogeneous operators, the simultaneous unitary equivalence class of the 
curvature and all its covariant derivatives are determined from the simultaneous unitary equivalence 
class of these at 0. This shows that it is enough to calculate all the invariants and compare them 
at just one point, say 0. These calculations are then carried out in number of examples. 



1. Introduction 

For an open connected subset Q of C and a positive integer n, the class B n (f2), introduced in [4], 
consists of bounded operators T with the following properties 

a) fi C a{T) 

b) ran(T — uj) = 7i for uj G Q 

c) V„ 6 f7 k er(T - uj) = H for u G O 

d) dim ker(T — uj) = n for uj G Q. 

A complete set of unitary invariants for the operators in the class B n (f2) was obtained in [4] as well. 
It was shown in [4, proposition 1.11] that the eigenspaces for each T in B n (fi) form a Hermitian 
holomorphic vector bundle Et over f2, that is, 

Et ■= {(w, x) G 0, x H : x G ker(T — uj)} and tt(uj, x) = uj 

and there exists a holomorphic frame z 1— > 7(0;) := (71 (w), . . . , 7 n (u/)) with Ji(uj) G ker(T — uj), 1 < 
i < n. The hermitian structure at z is the one that ker(T — uj) inherits as a subspace of the Hilbert 
space TL. In other words, the metric at uj is simply the grammian h(uj) = ((7j(w),7i(^))| j j =v 

The curvature Kt(uj) of the bundle Et is then defined to be -jj={h~ l -jj-h)(uj) for we!! (cf. [4, pp. 
211]). 

Theorem 1.1 ([5], Page. 326). Two operators T, T in B1 (O) are unitarily equivalent if and only 
if K,t(u) = K.j,{uj) for uj in ft. 

Thus the curvature of the line bundle Et is a complete set of unitary invariant for an operator in 
Bi(f2). It is not hard to see (cf. [4, pp. 211]) that the curvature of a bundle E transforms according 
to the rule 

K(fg)(u) = {g- l K{f)g){uj), uj g A, 

where / = (e±,...,e n ) is a frame for E over an open subset A C fi and g : A — > GL(n,C) is a 
holomorphic map, that is, g a holomorphic change of frame. Since g is a scalar valued holomorphic 
function for a line bundle E, it follows from the transformation rule for the curvature that it is 
independent of the choice of a frame in this case. In general, the curvature of a bundle E of rank 
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n > 1 depends on the choice of a frame. Thus the curvature K,{oj) itself cannot be an invariant for 
the bundle E. However, the eigenvalues of are invariants for the bundle E. More interesting is 
the description of a complete set of invariants given in [4] involving the curvature and the covariant 
derivatives /C 2 i 2 j, < i < j < i + j < n, (i, j) ^ (0, n), where rank of E = n. They showed, in a 
subsequent paper (cf. [6]), by means of examples that fewer covariant derivatives will not suffice to 
determine the class of the bundle E. The examples they constructed do not necessarily correspond 
to an operator of the class in B n (Q). In this paper we construct examples of operators T in B2(B) 
and 63(B) to show that the eigenvalues of curvature alone does not determine the class of the bundle 
Et- Our examples show, one will need at least derivatives of order (1, 1). Our examples consists of 
bundles homogeneous on the open unit disc B. We will say that a holomorphic Hermitian bundle 
E over the unit disc B is homogeneous if every bi-holomorphic automorphism ip of the unit disc 
lifts to an isometric isomorphism of the bundle E. These verifications are somewhat nontrivial and 
use the homogeneity of the bundle in an essential way. It is not clear if for homogeneous bundle 
the curvature along with its derivatives up to order (1,1) suffices to determine its equivalence class. 
Secondly the original question of sharpness of [4, Page. 214] and [6, page. 39], remains open, 
although our examples a provides partial answer. 

Let B(z,w) = (1 — zw)~ 2 be the Bergman kernel on the unit disc, the Hilbert space cor- 
responding to the non-negative definite kernel B x / 2 (z,w) = (1 - zw)~ x be AW(D) for A > 0. 
We let : A( a )(B) — ► A^ A )(B) be the multiplication operator, that is, (M^f)(z) = zf(z), 

f G A( A )(B), zeD. Following the jet construction of [7], we construct a Hilbert space A^ a '^(B) for 
a, j3 > consisting of holomorphic functions defined on the open unit disc B taking values in C k+1 
starting from the kernel B^ a '^(z,w) = B a / 2 (zi,wi)B^/ 2 {z2,W2), z = {z\,Z2),vr = {w\,W2) <E B 2 . 
It turns that the reproducing kernel for A^*'^ (B) is 

B^\z,w) = (^/ 2 (, 1 , U ; 1 )^^ 2 ^ /2 (^,^)) < iJ < fe|resD , 
that is, z\ = z = z-i and w\ = w = W2- The multiplictaion operator on a£*'^(B) is denoted by 

For a suitably restricted class of operators, some times, the unitary equivalence class of the 
curvature Kt determines the unitary equivalence class of the operator T. For instance, the curvature 
at of the generalised Wilkins operators M^ 01 '^ is of the form diag {a, • • • , a, a+(k+l)f3+k(k+l)}. 
Thus the unitary equivalence class of the curvature at determines the unitary equivalence class 
of these operators within the class of the generalised Wilkins operarotrs of rank k + 1 (cf. [12], [2, 
page 428]). 



2. Examples from the Jet Construction 

Example 2.1. Consider the operators M := M {x / 2 ^ © M^l 2 ) and M' := M 1 (q ' /3) for A, fi > o and 
a, (3 > 0. Wilkins [13] has shown that the operator M* is in B2(B) and that it is irreducible. This 
operator is also homogeneous, that is, (f(M) is unitary equivalence to M for all bi-holomorphic auto- 
morphisms tf of the open unit disc B (cf. [2]). It is easy to see that the operators M^ A / 2 ) and M^/ 2 ' 
are both homogeneous and the adjoint of these operators are in the class Bi(B). Consequently, the 
direct sum, namely, M* is homogeneous and lies in the class B2(B). Let 

(1) *W = ( bX '} 2 ' z) B J (ZtZ) ).^>o, 

(2) W = B^»{,, z)> = ( ^ z -% W-^j ) (1 - I*! 2 )""-"- 2 , a, > 0, for , 6 D. 

We see that h and h! are the metrics for bundles corresponding to the the operators M* and M'* 
respectively. To emphasize the dependence of the curvature on the metric, we will find it useful to 
also write K,h '■= B(h~ 1 dh). 
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(a) K h {z) = diag (A(l - \z\ 2 y 2 ,n{l - \z\ 2 )- 2 ), 

(b) (lC h )-(z) = 2 diag(Az(l - |z| 2 )" 3 , fiz(l - |z| 2 )" 3 ), 

(d ) = - w+1 ^ + + ^" warI )( 1 -i.iV. 

Choosing A > and \i — A > 2, we set a = A and /3 = — A — 2). Since curvature is self-adjoint 
the set of eigenvalues is the complete set of unitary invariants for the curvature. The eigenvalues 
for ICh(z) and JCh>(z), z £ B, are clearly the same by the choice of A, fj,, a, (3. So these matrices are 
pointwise unitarily equivalent. Now we observe that (/Qj)_(0) = and (/Qj/)_(0) / 0. Hence they 
cannot be unitarily equivalent. Hence curvature alone does not determine the unitary equivalence 
class of the bundle. 

Before we construct the next example, let us recall that for any reproducing kernel K on B, 
the normalized kernel K(z,w) (in the sense of Curto-Salinas [8, Def.]) is defined to be the ker- 
nel K(0,0) 1 / 2 K(z,0)~ 1 K(z,w)K(0,w)~ 1 K(0,0) 1 / 2 . This kernel is characterized by the property 
K(z, 0) = I and is therefore uniquely determined up to a conjugation by an unitary matrix. Let 
K(z,w) = e>Q a k ez k w e and K(z,w) = e >0 ci k gz k w e , wnere a ki and a k e are determined by 
the real analytic functions K and K respectively, a k £ and a k e are in A4(n, C), for k,£ > 0. Since 
K(z, w) is a normalized kernel, it follows that doo = I and a^o = = for k,£ > 1. Let 
K(z, w)^ 1 = J2ke>o^kez k vd e , where b k e is in M(n,C) for k,£ > 0. Clearly, K(z,w)* = K(w,z) for 
any reproducing kernel K and z,w € B. Therefore, a* M = ae k , a* M = and b k e* = bo- for k,£ > 0, 
where X* denotes the conjugate transpose of the matrix X. 

If we assume that the adjoint M* of the multiplication operator M on the Hilbert space (7i, K) 
is in Bfc(B) then it is not hard to see that the operators M* on the Hilbert space H determined by 
the normalized kernel K is equivalent to M* on the Hilbert space (Ti., K). Hence the adjoint of the 
multiplication operator M on (H,,K) lies in B&(B) as well. Let (E, h) be the corresponding bundle, 
where h(z) = K(z, z) 1 , zeD. 

Lemma 2.2. Ifh(z) = K(z,z) t , then B m h(0) = B n h(0) = B m h,- l {Q) = B n h-\0) = for m,n > 1 
and Bdh(0) = a\ l7 BdhT 1 ^) = -d* n , B 2 B 2 h(0) = 4d* 22 . 

Proof. Let h(z) = ^ h mn z m z n and h~ l (z) = ^ h' mn z m z n . As h(z) = K(z,z) 1 , h mn = a l mn 

m,n>0 m,n>0 

for m,n > 0, so h 00 = I, h m0 = h 0n = for m,n > 1. As h mn = m!n! v and h mn = m , n , 

for m, n > 0, to prove the first assertion it is enough to show that h' m0 = h' 0n = for m, n > 1. 
As h' ke * = h! lk it is enough to show that h' m0 = for m > 1. It follows from h{z)h^ 1 {z) = I that 

m m m—1 

^oo = 1 and X] h m-k,oh' k0 = for m > 1. So, = ^ h m _ kfi h' k0 = ^ h m _ kfi ti k0 + /i' m = /i^ 

fc=0 fc=0 fe=0 

for m > 1, as /i^o = for £ > 1. 

For the second assertion we note that h(z)h^ 1 (z) = I implies Bdh' 1 ^) = h' u = —hu = — o* x . 
Clearly ddh(0) = h lx = a* n and 9 2 5 2 /i(0) = 4/i 22 = 4a* 22 . □ 

Lemma 2.3. XTie curvature /Cr and i/ie covariant derivative (/Cr o/ curvature of the bundle (E, h) 
at is and (n + l)!a* n+1; i/iaf is, A^^(0) = and (/C^) 5 n(0) = (n + l)!a* n+1 . 

Proof By [4, page. 211] K~ h = B(h~ 1 Bh). Hence lC~ h (0) = Bh' 1 (0)Bh{0) + h^^BBh^) = a[ v 
For the second assertion, we know from [4, Proposition 2.17, page 211], /C 5 n(0) = B n )C(0) = 

11+1 /„ _L 1\ _ 

a n+1 (/i _1 5n)(0). Using Leibnitz's rule, this is the same as ^ ( 7 jfl^ 1 -^- 1 ^)^^) = 

fc=o ^ ^ 

a n+1 9n(0) = (n + l)!/ii,„+i = (n + l)!a* l n+1 , as B 1 ^ 1 ^) = for £ > 1 from Lemma 2.2. □ 
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Lemma 2.4. If /Cr is the curvature of the bundle (E, h) then (/C^) 22 (0) = 2(2522 — 

Proof. We know from [4] that for a bundle map of a Hermitian holomorphic vector bun- 
dle 6 : (E, h) — ► (E, h) the covariant derivatives 2 and 2 of with respect to holo- 
morphic frame / are Q z (f) = 80(f) + [h^dh, ©(/)] and 2 -(/) = 00(/). So (/C^(z) = 

8(d()c h )(z) + [/r 1 ^, £;■](*)) = 3<9/q(z) + [a(/ i - 1 ^),/c /l ](z) + [h^dkBK^z) = ddic~ h (z) + 

[h~ 1 dh, dK.j l ](z). Hence (/C^) 22 (0) = dd)C(0), as <9/i(0) = /iio = 0. Now by Leibnitz rule we see that 

8dK~ h (z) = ddidih^dh))^) = d 2 (d(h- 1 dh))(z) = B 2 (dh- 1 dh + h- 1 d 2 h){z) = (B 2 dh- 1 (z)dh(z) + 

2ddh- 1 (z)3dh(z) + dh' 1 [z)B 2 dh{z)) + (d 2 h- 1 (z)d 2 h(z) + 2dh- 1 (z)dd 2 h(z) + hr x (z)d 2 d 2 h(z)) . 
Therefore by Lemma 2.2 we have (/C^) 22 (0) = 2ddh- 1 (0)5dh(0) + <9 2 <9 2 /i(0) = -25* n 5* n + 4a* 22 = 
2(2522 -5?!)*. " □ 

Lemma 2.5. T/ie coefficient of z k+1 w* +1 in the power series expansion of K(z, w) is 

k i 

1/2/ 



5fe+i,^+i = a 00 ( b.sO a k+i-s,e+i-tbot+ 
s=l t=i 

k I 

^0 a fc+l-s,^+1^00 + ^ &00afc+l,M-l-t&0t + ^OOOfe+l^+l^OO - ^+l,0«00^0^+l) 



s=l t=l 

/or fc,£ > 0. 

Proof. From the definition of K(z, w) we see that for k, I > 

fe+i M-i 

5fc+l,f+l = Q QQ 2 ( ^ ^ OsQQfc+l-s/+l-tOQt) Qqq 2 
s=0 t=0 

fc+1 £+1 fe+1 

1 I I X ft I I ■. / I i .. . I 1 - V ; i ■ , / j ■ ' ' ^ ( ) ( ) 



a oo (T^y^ b s0 a k+ i- s ^ +1 - t b ot + y^ 6 s oa fe+ i_ s ^6 
s=l t=\ s=l 

e+i 

+ ^ ^ooafc+i/+i-t^ot + 6oo a fc+i,^+i^oo)aoo 2 
t=i 

fe i fc+i < 

q oq 2 ( ^ ^ &soafe+i- s ^+i-t6ot + ^ &soafc+i-s,o&o,^+i + y^ &fc+i,oao,M-i-t&ot 

s=l t=l s=l t=l 

fe+1 £+1 
+ y^ fesoafe+i-s/^oo + y^ booak+i : e+i-tbot + 6ooafc+i/+i&oo)a 



s=l t=l 

= a oo 2 ( y^ y^ ^oafc+i-s^+i-t&ot + (y^ osoa/c+i-s, 0)^0,^+1 + ^+1,0 (yi 00^+1-*^) 

s=l t=l s=0 t=0 

1/2 



+ y^ &soOfc+i-s^^oo + y^ booak+i,e+i-tbot + oooOfc+i^+i^oo - 6fc+i,o a oo^o/+i) ( 

s=l t=l 

Qqq 2 ( y~] y^ b s oa,k+i- s ,e+i-tbot + y^ &soOfc+i-s,^&oo + y^ b 00 ak+i t e+i-tbot 



s=l t=l s=l t=i 

+booak+i,e+iboo — &fc+i,oaoo^o^+i)aoo 2 

as the coefficient of z h+1 in K(z, w)^ 1 K(z, w) = Yl^=o ^s0«fe+i-s,0 = and the coefficient of w e+1 
in /if (z, w)K{z, w)- 1 = Etio ao,/+i-t6w = for ^ > 0. □ 
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The following Theorem will be useful in the sequel. For T in B n (Q), recall that JCt denotes the 
curvature of the bundle Er corresponding to T. 

Theorem 2.6. Suppose that T\ and T2 are homogeneous operators in B n (B) then /Qr^O) and 
(^Ti)z(O) are simultaneously unitarily equivalent to /Ct 2 (0) and (/Ct 2 )z(0) respectively if and only if 
K-Tjiz) and (/Cr 1 )s(^) are simultaneously unitarily equivalent to K,t 2 (z) and (/Ct^z^z) respectively 
for z in B. 

Before going into the proof of 2.6 let us fix some notations. Let Mob denote the group of 
biholomorphic automorphisms on the unit disc B in the complex plane, c : MobxB — ► C be 
the function which is given by the formula c((^ _1 ,2;) := (ip^ 1 )'(z), where the prime stands for 
differentiation with respect to z. The function c satisfies the following cocycle property: 

c(ip _ V _1 ,z) = c(f~ 1 ,' l P~ 1 (z))c('4>~' 1 ,z), for 99 G Mob and z£». 
This cocyle property can easily verified by chain rule. 
Lemma 2.7. Suppose that T in B n (B) is homogeneous. Then 

(a) Krfr-^O)) = Ic^or^/CHO)^ 

(b) (/CtM^o)) = | c (^-\o)|- 2 ^^of T c/- 1 ((/c T ),-(o) -4^~WWWW£T(oj)u v 

for some unitary operator U v , <p G Mob. 

Proof. From [4] it follows that homogeneity of T implies IC^x^z) = V~^K,t{z)U^^ z for some unitary 
operator Utp >z , if G Mob and z£D. Note that an application of chain rule gives the formula 

(2.1) K v (X)(z) = I(^ 1 ) , (^)| 2 ^t((^ 1 )(^)), for <P e Mob and z G B. 

Now, assuming that /C^p^z) = U~^ z K.t{z)U v ^ z , using (2.1 ), amounts to U^Kt^z)!!^^ = 
\c{^-\z)\ 2 ]C T (^- l )(z)). Putting z = 0, we get [/^/^(^(O))^ = K^ 1 , 0)|' 2 /C T ((^ 1 )(0)). 
If we set U^o := then we have /C T (^ _1 (0)) = |c(<p _1 , 0) | — 2 C/- 1 /C r (0)t/ ¥ , for 99 G Mob, z G B. 
This proves (a). 

To prove (b), we recall (2.1 ) and differentiating with respect to z we get 

dK^z) = {<p- 1 )\z)&-^){z)K T &-\z)) + \^ 

(2.2) = c^-\z)^-^)(z)IC T ^-\z)) + \c( V -\z)\ 2 C (^ 
Using ( 2.2 ) and (a), putting z = and U^jq = U^, we see that 

U- 1 81Ct{Wv = c(^\0)(^ T )^)(0)/Ct(^ 1 (0)) + \c&-\0)\ 2 ^\G)5lCT(tp-\0)) 
= C (^-\0)(^)^)(0)|c^- 1 ,0)|- 2 ^ 1 /C T (0)^ + | C (^- 1 ,0)| 2 c(^-i,0)^/C r (^- 1 (0)) 

(2.3) = c^-^O)- 1 ^- 1 )^^)^ 1 ^^)^ + |c( V 7- 1 ,0)| 2 c( ¥ »- 1 ,0)a/C r ( ¥ 7- 1 (0)). 

So, ^t^- 1 ^)) = \c(<p-\ 0)\~ 2 'cJ^~ar T U- 1 (5IC T (0) - c{ip-\ ppj^/C T (0)) EV As 
(K^t)z = 91Ct by [4], this proves (b). □ 
Corollary 2.8. Suppose thatT\, T2 are homogeneous operators inB„(D). XTjen 

(1) ^- 1 /c T2 (o)c/ = /c Tl (o) 

(2) ^ 1 (^r 2 ) 2 (0)[/=(/C Tl ) 5 (0) 

/or some unitary operator U if and only if 

(i) V- 1 K T2 (z)V ip = K Tl (z) 

(ii) F-H/CtJ.W^ = (KtM*) 

for some unitary operator V^, tp £Mob, z G B. 
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Proof. One part is obvious, let us prove the other part. 

Take ip = ipt, z , where (ft,a(z) = ^ or a ' z i z e ^ an d i G T. Pick a unitary operator such 

that (a) and (b) of Lemma 2.7 are satisfied. We get from (1) and Lemma 2.7(a) that 

= \c{<p- 1 ,Q)\- 2 U- 1 U- 1 10rAG)UU< P 

= \c^-\Q)\- 2 u- 1 u- l \c{^ 1 M 2 u^ic Tl {z)u- 1 uu ip 

= U-^UyKr^U^UUy. 

As the product of unitary operators is again a unitary operator, taking V v = \J~ X \J\J^ we have (i). 
From (2) and Lemma 2.7(b) 

(K^Mz) = |c^-^0)|-M^^0)- 1 ^ 1 ((/C T J ^ (0)-c(^^0)-H^ 1 ) (2 H0)/C ^2 (0))^ 
= \c(v-\®)\- 2 c{v-\V)- l U- l U- l ({1C Tl )m - C ^- 1 ,0)-i(^-i)(2)(0)/Ct 1 (0))c/C/ ¥ , 

= |c(^- 1 ,o)|- 2 c (¥'- 1 ,o)-^- 1 c/- 1 ((^-i)(2)(o) c ( ¥J -i,o)-ix:r 1 (o) 

+\c(p~ 1 ,0)\ 2 c(i P '\0)U ip (IC Tl ) 2 (z)U~ 1 - (^-^(^(Oc^-i.O)- 1 ^^)) C/^ 
(2.4) = U^U-^KtM^U^UU^ 

Taking V^, = U~ X XJXJ^ as before, we have (ii). □ 

Proof of Theorem 2.6. Combining Lemma 2.7 and Corollary 2.8 we have a proof of the Theorem 
2.6. □ 

For a positive integer m let S m (c\ , . . . , c m ) denote the forward shift on C m+1 with weight se- 
quence {ci,...,c m }, Ci £ C, that is, (S m (ci, . . . ,c m )) gp = cgSp+ij, < p,£ < m. We set 
§m := S m (l, . . . ,m). 

Example 2.9. Consider the operators Mi = M( a / 2 ) M 1 (a,/3 ' ) and M 2 = M 2 (a,/3) for a, /3, /3' > 0. 
Wilkins [13] has shown that the adjoint of the operator M^ Q '^ ^ is in B2(D). This operator is also 
homogeneous. It is easy to see that the operator M^ a l 2 ^ is homogeneous and its adjoint is in the 
class Bi(B). Consequently, the direct sum, namely, M\ is homogeneous and lies in the class 63(B). 
The operator M2* is in 63(D) by [7, Proposition 3.6] and is homogeneous by [2, Page. 428] and [12, 

Theorem 5.1]. Let h x (z) = (1 - \z\ 2 )~ a © B[ a ' (3 '\z, zf and h 2 (z) = (z, zf . We see that h x 

and /12 the metrics for the bundles E\ and E2 corresponding to the operators M± and M| respec- 

tively, where (.,«) = ( ^ % ffi+ff^ ) P " and J^(,, w ) = 

(l-zu)) 4 0(l-zwfz 0(0 + 1)(1 - zw) 2 z 2 

0(l-zwfw 0(1 + 0zw)(l- zw) 2 0(0 + 1)(2 + 0zw)(l - zw)z 

0(0 + 1)(1 - zw) 2 w 2 0(0 + 1)(2 + 0zw)(l- zw)w 0(0 + l)(2 + (0 + l)(A + 0zw)zw) 
(1 - zw)- a -P~ A . 

Lemma 2.10. The curvature at zero and the covariant derivatives of curvature at zero up to order 
for the bundles E\ and £2 respectively are 

(a) /Ci(0) = diag(a,a,a + 20' + 2) , (/Ci) 5 (0) = 5 2 (0, -1yfW{P + 1))* and (/Ci)^(0) = 2 
diag(a, a + /?'(/?' + 1), a + /?'(-/?' + 1) + 2) 

(b) /C 2 (0) = diag (a, a, a + 30 + 6), (/C 2 ) 2 -(0) = 5 2 (0, -3^/2(0 + 1)(0 + 2))* and (/C 2 )**(0) = 
diag(a, a + 3(/3 + l)(/3 + 2), a - 3/?(/? + 2)) , 

where /Q, (/Q) 2 and (/Q) 22 are computed with respect to a metric normalized at obtained from 
hi for i = 1, 2, that is, with respect to an orthonormal basis at 0. 
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Proof. For any reproducing kernel K with K(z,w) = a mn z m w n and K(z,w)^ 1 



m,n>0 



b mn z m w n the identity K(z,w) 1 K(z,w) = I implies that 6qo = o-oo an( ^ ^2 bo,k-e a oe = 



m,n>0 



for k > 1. For fc = 1 we have bio = — a oo lai o a oo 1 ' ^oi = (bio)*- We have by Lemma 2.5 

fl n = Oqq 2 (booanboo — 6ioaoo6oi)aQQ 2 
(2.5) = a 00 1/2 (an - oioaoo la oi) a i * 



00 



For At = 2 we have b 2 = -(6oi«oi + 6ooOo2)a 00 1 = ( a oio o la oi ~ 0,02)%^. We get from Lemma 
2.5 

012 = aoo 2 ( fe ooan6oi + 6 oai 2 &oo - 610000^02) 
(2.6) = a 00 1/2 (ai2 - (an - ai a Q l aoi)aQ 1 aoi - a 10 a 00 1 a 2)a 00 1/2 . 

Observing that 620 = 602* = Ooo 1 (°io a oo la io ~~ a 2o)ooo\ from Lemma 2.5 we have 

a-22 = alb 2 (hoaiiboi + 610012600 + 600021601 + 600022600 - 620 o o 602) ago 2 

- 1 / 2 / -1 -1 -1 -1 , 

— a 00 ^aioa 00 ana 00 a oi ~~ a io«oo a i2 ~~ a 2i°oo a oi + a 22 



— (aioa 00 1 aio — a2o)a 00 1 (aoia 00 1 aoi ~~ a 02))a. 



-1/2 



00 



-1/2/ , / -1 \ — 1 -1 

— <%) V G 22 + l, a 20«00 a 01 ~~ a 21 Ja 00 a 01 ~~ a 20<%) °02 

(2.7) — aioa 00 1 (ai2 — (an — aioa 00 1 aoi)a 00 1 aoi - aioa ~ 1 ao2))a 00 1 / 2 . 

We get from h x that an = diag (a, a + (3',(3'{a + 2(3' + 2)), a 00 = diag(l, 1,(3'), a w = S 2 (0, /3')*, 
ai2 = S 2 (0,/3'(a + /3' + l)), a 22 = diag(^, K^ ; M»3l ) i ^ = . SO) 
an — aioa^aoi = diag (a, a, (3' (a + 2(3' + 2)), hence from Lemma 2.3 and Equation (2.5 ) we have 
/d(0) = a n = diag (a, a, (a + 2/3' + 2)). 

We get from Equation (2.6 ) a\2 = £2(0, — sffflifl + 1)), so from Lemma 2.3 we have (/Ci) 2 (0) = 

2a t 12 = 2S 2 (0,-vW , + l))'. 

From Equation (2.7 ) ~a 2 2 = diag (2^, tt ' tt+1 'Y^ +1 » , W+2)(a+3^+3) ^ hence from Lemma 
2.4 we get (/Ci)^(0) = 2(2a 22 -a n )' = 2 diag(a, a + /3'(/3' + 1), a + /?'(-/?' + 1) + 2). This completes 
the proof of (a). 

To prove (b) we get from /12 that aoo = diag(l, (3, 2(3((3 + 1)), aio = £2 (P, 2/3(/3 + 1)) , ai2 = 
S 2 {P(a + (3 + l),(3{(3 + l)(2a + 3/3 + 6)) , 

/3(/3 + l), fori = 3,j = l; 



/ \ / /?(/?+ 1), fori = 3,, 
02 )ij \ 0, otherwise. 



an is a diagonal matrix with diagonal entries a + (3,(3(a + 2(3 + 2) and 2(3((3 + l)(a + 3/3 + 6) 
respectively and 022 is also a diagonal matrix with diagonal entries ; /3(a++t-2Xn+3/M-3) 

and (3{(3 + l)((a + /3 + 4) (a + /3 + 5) + 4(/3 + l)(a + /3 + 4) + (3{(3 + 1)) respectively. Therefore 
an — aioa^aoi = diag(a, a/3, 2(3((3 + l)(a + 3/3 + 6)), hence from Lemma 2.3 and Equation (2.5 ) 
we have £2(0) = a n = diag(a, a, a + 3/3 + 6). 

We get from Equation (2.6), a 12 = S 2 (0, --^^/^+~T(P + 2)). Now from Lemma 2.3 

we have (/C 2 ) 2 (0) = 2a* 12 = 5 2 (0, -3a/2(/3 + l)(/3 + 2))'. From Equation (2.7), a 22 = 
diag(^tl) , °(°+i)+3(^+i)(^+2) ) 040+12 + 3(/3 + 2)(a + ^ + 3) j ^ uging Lemma 2A we get {)C2)z . {0) = 

2(2d 22 ~ a n )* = 2 diag(a, a + 3(/3 + l)(/3 + 2), a - 3/3(/3 + 2)) . □ 
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We prove a sequence of lemmas which exhibits a unitary between the vector spaces ((£'1)0, ^i(O)) 
and ((£'2)0)^2(0)) which intertwines /Ci(0), £2(0) and (7Ci) 2 (0), (£2)2(0), where (-Ei)o and (£^2)0 
are the fibres over of the corresponding bundles. 

Lemma 2.11. Uq : (C 3 , /12(C))) — ► (C 3 ,/ii(0)), zs a diagonal unitary with Uq = diag (ai, 0:2, 03), 
«i G C /or i = 1,2, 3, i/ and on/y i/ |cti| 2 = 1, \a 2 \ 2 = (3, | CK3 1 2 = 2 ^(^+ 1 ) , 

Proof, "only if" part: As C/q is a unitary f/g = f7 _1 ' where * denotes the adjoint of Uq. Now, from 
[7, p. 395] 

Uq = /i 2 (0)- 1 I7o/ i i(0) 

= diag(l, IT 1 , (2/3(/3 + l))- 1 )diag(a 1 , a 2 , a 3 )diag(l, 1, 0') 

= diag ( ai '^ wny) 

= diag(a 1 ' 1 ,a 2 1 ,a 3 1 ) 
This implies the desired equalities. 

"if" part: Taking ct\ = 1, a 2 = y/]3, a 3 = ^/ 2 ^(^+ 1 ) I ; we see that £7o = diag(ai, 012, 03) is a unitary 
between the two given vector spaces. □ 

The proof of the next lemma is just a routine verification. 
Lemma 2.12. Suppose that T and f are in M(3,C) such that (2% = j jj' ^therwis^ = ^ 

" I 77 T OV 2 — 2 7 — 3* ~ — 

and T = < ' . ' ' are two matrices, T and T satisfies AT = T A for some invertible 

y 0, otherwise. 

diagonal matrix A = diag(a±, a 2 , 03) if and only if 2 = 

Lemma 2.13. ///? = §/3 + 2 i/ien f7 _1 /Ci(0)C/ = /C 2 (0) and C/ o _1 (/Ci)^(0)C/ = (£2)2(0), w/iere 
C/o : (C 3 ,/i2(0)) — ► (C 3 ,/ii(0)) ; is a diagonal unitary with Uq = diag(a\, a 2 , 03), a t 6 C /or 
i = 1,2,3. 

Proof. By the choice of /?', /Ci(0) = K. 2 (0) by Lemma 2.10, so the first equality is clear. 

Take T = (/C 2 )*(0) and T = (£1)2(0). Also choose a x = l,a 2 = y/fi,a 3 = with /?' = 

§/3 + 2. To complete the proof of the second equality, by Lemma 2.12 we only have to verify 2 = 2| j 
where n = -3y/2(/3 + I)(/3 + 2), fj = -2^W + 1) and a u a 2 ,a 3 as above. Now ^ = y/ 2 ^' +1) = 

4 / P+j _ 1 /M±4 i a _ -2^Q9'+1) _ 2 V / P+ 2 (f/ 3 + 2 + 1 ) _ 3y/3/3+4(/3+2) _ 1 / gj+4 RpTlrp 
V 2 ^ +1 ) 2 V 0+ 1 " -3 V^TI)(/3+2) ~ 3 V2W)(/3+2) ~ 2.3^3+T(/M-2) 2\J p+1 ' neUCe 

we have proved the lemma. □ 

As the operators M\ and M2 are homogeneous, Combing Lemma 2.13 with Theorem 2.6 we have 
the following 

Corollary 2.14. There exists a unitary operator U^ such that U ip ^ 1 )Ci(z)U i p = K, 2 (z) and 
U lfi ^ 1 (ICi) s (z)U ip = (X 2 )zO) for z in D, where ip = ip tjZ in Mob for (t, z) G T x D. 

Lemma 2.15. If (3 f = §/3 + 2 i/ien (£1)22(0) and (£2)22(0) are noi unitarily equivalent. 

Proof. By Lemma 2.10 (/Q) z2 (0) = diag(pj, rj) for i = 1,2, where pi = q, 01 = a + /3'(/3' + 1), 
n = a + /?'(-/?' + 1) and p 2 = a, g 2 = a + 3(/3 + 1)((3 + 2), r 2 = a - 3/?(/3 + 2). As p = §/3 + 2, 
91 = a+§(/3 + 2)(3/? + 4) and ri = a — j(3/3 + 2) (3/3 + 4). So clearly pi = p 2 , qi > r\ and 92 > r2 As 
(£1)22(0) and (£2)22(0) are diagonal matrices, they are unitarily equivalent if and only if p\ = p 2 , 
Qi = Q2 and r\ = r 2 . We see that q\ 7^ 92 and r\ 7^ r2, hence (£1)22(0) and (£2)22(0) are not 
unitarily equivalent. □ 
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Hence we have proved the following Theorem. 

Theorem 2.16. The simultaneous unitary equivalence class of the curvatures and the covariant 
derivatives of the curvatures of order (0, 1) for the operators M\ and M2 are the same for (3' = 1(3+2. 
However, the covariant derivatives of the curvatures of order (1,1) are not unitarily equivalent. 

3. Irreducible Examples and Permutation of Curvature Eigenvalues 

In the first example constructed above one of the two homogeneous operators M* is reducible 
while the other M* is irreducible. Similarly in the second example one of the two operators Mj* 
is reducible whereas the other M| is irreducible. Irreducibility of M* and M| follows from [12]. 
We are interested in constructing such examples within the class of irreducible operators in B n (D). 
The class of irreducible homogeneous operators in 62(B) cannot possibly possess such examples. 
Therefore, we consider a class of homogeneous operators in 63(D) discussed in [11]. 

Let A be a real number and m be a positive integer such that 2A — m > 0. For brevity, we will 
write 2Xj = 2A — m + 2j, < j < m. Let 

/ (V J££L, for0<j<e<m; 
0, otherwise. 

and B =diag (do, di, . . . , d m ). Now consider for fx = (/xo, . . . , /t m ) with /zo = 1 and m > for 
£ = 1, . . . , m 

K^{z,w) = (1 - zw)- 2X - m D{zw) exp(w$ m )B exp{zS* m )D{zw), 

where B e/ = d e = Y J ( ■) L / n) for < £ < m, that is, L(X)fi' = d for 11' = {fi 2 , /if, ... , /4J* 
j =0 \3J \ ZA j)(--j 

and d = (do,di, . . . , d m )*, D(zw) = (1 — zw) m ~ e 5 p t is diagonal and S m is the forward shift with 
weight sequence {l,...,m}, that is, (§m))^ p = £o~p+i,e, < p,£ < m, X 1 denotes the transpose 

of the matrix X. K^ X '^ is the reproducing kernel for the Hilbert space A^'^(D) of C m+1 -valued 
holomorphic functions described in [11]. Let M^ X '^ denote the multiplication operator on the 
Hilbert space A( A,/J, )(D). In [11] it is shown that M( X '^) i s homogeneous and irreducible, moreover, 
M (X,n)* ig in B m+1 (D). 

Lemma 3.1. For the reproducing kernel K( x >**> 

(a) a n = [B- 1 S m B,S^] + (2A + m)I m+1 - 2D m , 

(b) Sis = B 1 /2(i( B - 1 S^BS^B- 1 + S* m B- 1 S m 2 ) + B" 1 [D m ,S m ] - B^BS^T ^B 1 ^. 
where 1^ denotes the identity matrix of order k and D rn = diag (m, ...,1,0). 

Proof. From Equation (2.5 ) in Lemma 2.10 we get on = a 00 1 ^ 2 (an — aioOoo^oi^oo 1 ^ 2 - Form the 
expansion of the reproducing kernel K^ X '^ we see that oqo = B, a\o = B§^, aoi = § m B, an = 
§ m BS^ + (2A + m)B - 2D m B. So, an - oiofl^aoi = § m B§^ + (2A + m)B - 2D m B - BS^B- 1 S m B. 
The proof of (a) is now complete since the matrices S m BS^, S^B"^, B, B 1 / 2 , B' 1 / 2 are diagonal 

From Lemma 2.5, we have a±2 = a^ 2 (6oo a n^oi + ^00^12^00 — 010^00^02) %(j 2 - Again, from the 
expansion of the reproducing kernel K^ X '^ it is easy to see that a\2 = ^S^BS^ + (2A + m)B> m B — 
D m S m B - S m BD m , b 00 = B _1 , 610 = -S^B" 1 , &02 = ^B^ l S m 2 . To complete the proof of (b), it is 
enough to note that two diagonal matrices B and D m commute. □ 

It will be convenient to let K.\ tfJ , denote the curvature fc~ h {z) = -§z(h~^ ^h)(z), where h(z) = 
K^'V) ( Zl zf for z in D. Recall that K^ x,t ^ is the normalized reproducing kernel obtained from the 
reproducing kernel K^ X '^ . Now we specialize to the case m = 2. 



10 MISRA AND SHYAM ROY 

Lemma 3.2. The curvature at zero /Ca, m (0) and the covariant derivative of curvature at zero 
(K\,M0) are 

(a) /C A , M (0) = diag (a - b - 2, a + b - c, a + c + 2), 

(b) (/C Aifi )«(0) = 25 2 (- V6(l + 6- f),-Vc(l + c- f))*, w/iere a = 2A, 6 = c = Ad^ \ 

Proof B _1 S 2 BS5 = diag^c^ 1 ,^!^ 1 ) and S5B _1 S 2 B = diag(t^\ 4cM 2 \ 0). Therefore by 
Lemma 3.1(a) we see that on = diag (2A - d^ 1 - 2,2A + d^ 1 - 4didJ 1 ,2A + Mid 2 x + 2) = 
diag (a — 6 — 2, a + 6 — c, a + c + 2). Hence /Q\ j/X (0) = a* x = diag (a — 6 — 2, a + 6 — c, a + c + 2). 

For (b) we note that B^BS^ -1 = 5 2 (0, 2c^ 1 d 2 1 ), S^B-% 2 = S 2 (4d£ 1 ,0), 15 1 D 2 ,§ 2 ] = 
S2(—di 1 , —2d2 1 ), B _1 S 2 B§2B _1 S 2 = 5 2 (<i^ 2 , 8did^ 2 ) we have the desired conclusion from Lemma 
2.3 and Lemma 3.1(b). " □ 

If 61,62,63 are the eigenvalues /C(0) then we know from [4, Proposition 2.20] that Si > for 
i = 1,2, 3. Now, suppose (Si, 62, S3), is a fixed ordered triple of positive numbers. Then there exists 
K( X 'V) with A > 1 and ^ > for i = 1, 2 such that JC\ tll (0) = diag(<5i, 62, S3), only if S^s satisfy the 
inequalities of Lemma 3.5 below. 

Remark 3.3. We emphasize that the reproducing kernel K^ X '^ is computed from a ordered basis, 
that is, K^ x,fl \w,w) = ^{li(w), r yj(w))Jl^ =1 , where {71 7 2 (w?), 73(1^)} is an ordered basis. Con- 
sequently, the eigenvalues o//Ca, m (0), which is diagonal, appear in a fixed order. If one considers 
{la(i)( w ),7a(2)( w ),la(3)( w )}> it wM 9^ ve r * se to a different reproducing kernel P a K^ X '^ P a * , say 
Ka X '^ , where a G £3, S3 denotes the symmetric group of degree 3 and 



cr)i,j 



1, M = (*,<>■(«)); 

0, otherwise. 



Hence, lCh a (0) = diag^m, £<t(2)j ^<r(3))> where h a (z) = K < ^' ,tJ '\z , z) 1 . It follows that the curvature 
of the corresponding bundle as a matrix depends on the choice of the particular ordered basis. The 
set of eigenvalues of curvature at 0, which is diagonal in our case, will be thought of as an ordered 
tuple, namely the ordered set of diagonal elements of JC\ tlJ ,(0). 

Lemma 3.4. (A, /*) = (A',i>) if and only if (a,b,c) = (a',b',d) as ordered tuples, where /x = 
(l,/ii,/i 2 ), v = (l,vi,v 2 ), M,ve > for i = 1,2, d = (l,di,d 2 f, d' = (1, di , cfo')*; for 2jj = 
2j - 2 + 2j, 7 = A, A' 

/ (<) 2 Jt£L for 0<j<e<m; 

L(y) tj = < y ( 2 ^)^' iu -j - - 

I U, otherwise. 

d = L(\)n', d' = L(X')u', v! = (l,ni 2 ,H2 2 y, v 1 = (l,v l 2 ,u 2 2 ) t < j < i < 2, a = 2\, b = di' 1 , 
c = Adid 2 -\ a' = 2A', b' = di'' 1 , d = Adi'd^ 1 . 

Proof. One implication is clear, so prove the other implication, a = a' implies that A = A', b = b' 
and c = d imply that d = d' . Now invertibility of L(A) implies that /i' = v' , that is, /1 = v. □ 

Lemma 3.5. If (61,62,63) is an ordered tuple of positive numbers such that JC\ tfJ ,(0) = diag 
(61,62,63) then 

5 1 + S 2 + S3>6 

52 + S3- 26! > 6 
26 3 - Si - 6 2 > 6. 

Proof. By Lemma 3.2, Remark 3.3 and the hypothesis of the Lemma we have 

a -b-2 = 6i, 
a + b - c = 62, 
a + c + 2 = 6 3 . 
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Equivalently, Ax = b, where A = y l l -ij,x=ybj,b=l ^S 2 J . Clearly, this system of lin- 

, / S1+82+83 \ _, , 

ear equations admits x = ^ I <5 2 +5 3 -2<5i-6 J as the only solution. Since a = 2A, b = d 1 , c = 4did 2 , 

\ 2<53— Si — <5 2 — 6 / 

it follows that a necessary conditions for 61,62, 63 to be eigenvalues of K.\ ifJi (0) is the inequalities in 
the statement of the Lemma. □ 

Corollary 3.6. Suppose K^ X '^ and K^ x are such that IC\ :fl (0) = 1C\' :U (0) as matrices, where 
(X,H), (X',u) are as in Lemma 3.4- Then (A, /1) = (A',^) as ordered tuples. 

Proof. Let /Ca iM (0) = JCy^(0) = diag(5i, 62, 6s). Consider the system of linear equations Ax = b 

and Ax' = b, where A = ^1 1 -1^, x = (^b^j, x' = (J>'^, b = ( 5 2 ^, a,b,c and a',b',c' are 

as in Lemma 3.4. As detA = 3, A is invertible. Hence (a,b,c) = (a',b',c') and by Lemma 3.4, 
(A,Ai) = (A». ' □ 

Suppose (61,62,63), 6i > for i = 1,2,3, is given satisfying the inequalities above. Then let us 
find A > 1, [i\,H2 > such that /Ca )M (0) = diag (<5i, 62, 63) with /1 = (l,/xi,yu 2 ). We know that 

L(X) l x'=d, S o l x' = L(X)^d = ( \°°)(l) = ( ^-2^17 ). 

d2 X + A(2A-1) / 




Th 2 _ j _ 1 _ 1 1 _ 2(A-l)-b , 9(x _ , x _ , _ g 1+< 5 2+ g 3 „ fo+fo- gji -6 _ 

X v. n ,,2 — W 2di 1 _ 4 2 , 1 _ 2/2 1\ , 1 _ 2(2A-c) , 1 _ 

01 > U. /i 2 - fl 2 - — + A(2 A-1) - feS ~ 6A + A(2A-1) ~ b^c ~ \) + A(2A-1) ~ ~~ fe^A h A(2A-1) ~ 

2<y2X bc\(2X-i) +b ° = ^ 6cA(a-i) +bC ' wnere o, 6, c are as in Lemma 3.2. Thus we have proved the 
following Theorem. 

Theorem 3.7. There exists such that /C A , M (0) = diag(<5i, 6 2 , 63), 6i > for i = 1, 2, 3 i/ 

£1 + 6 2 + 03 > 6 
5 2 + <5 3 - 2<Ji > 6 
2<5 3 - <5i - 6 2 > 6 
2(a - c)(a - 1) + fec> 

where a, b, c are as in Lemma 3.2. 

Proposition 3.8. Suppose 6{ > for i = 1,2,3 are smc/i that 6\ / £2 a^rf 2(6\ + 62) > 63 — 6 > 
max{26i — 62, 262 — 6±}. Then there exists reproducing kernels K^ X '^ and K^ X '^ such that JC\ ifl (0) = 
diag(0~i,<5 2 ,0~ 3 ) and ^^(0) = diag(<5 2 , 0~i, 0~ 3 ), where A, A > 1, /x = (l,^i,/i 2 ), A = (1,^1,^2), 
W > for £= 1,2. 

Proof. Consider (61,62,63), 6i > for i = 1,2,3 such that there exists K^'^ and lC\ tfl (0) = 
diag(<5i, 62, 63) for some A > 1, fi = (l,/xi,yu 2 ) with H\,[i2 > 0. So, 61,62,63 satisfy the inequalities 
of Lemma 3.5. We now produce A > 1, ft = (l,/ii,/i 2 ) with fx\,fx2 > such that /C^^(0) = 

diag(52, 61,63). We recall that ZC A ^ is the curvature of the metric K < ^ X '> x \z, zf and K^ X '^> denotes 

the normalization of the reproducing kernel K^ X '^\ By Lemma 3.2 and Remark 3.3 we need to 
consider the equations 

a -1-2 = 62 
a + b — c = 6\ 
d + c + 2 = 63 

where a = 2X,b = d\ x ,c = Adid^ 1 ■ This is same as Ax = b, where A = ^1 1 -1^ , x = (^i^J , 

5 2 +2\ / 5 1 +5 2 +8 3 

Si . This system of linear equations has only one solution, namely, x = \ [ <5i+<5 3 -2<5 2 -6 

5 3 -2 / ' * \ 25 3 -Si-S 2 -6 
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We observe that a = a and c = c but b ^ b if 5\ 7^ S 2 . From Lemma 3.5 and Theorem 3.7 we know 
that there exists K( X '& such that /Cr -(0) = diag(£ 2 , 8\, S 3 ) if 

5i + 5 2 + £3 > 6 

5 1 + S 3 - 2S 2 > 6 
2<5 3 - <5i - <5 2 > 6 

2(a - c)(a - 1) + 6c > 0. 

Hence there exists K^ X '^ and K( X '& such that /C A , M (0) = diag (<5i,<5 2 ,£ 3 ) and /Cj A (0) = 
diag(<5 2 ,<5i,<5 3 ) if 

61 + <5 2 + <5 3 > 6 

5 2 + 5 3 - 2S 1 > 6 
<5i + S 3 - 2S 2 > 6 
25 3 -S 1 -6 2 >6 

2(a- c)(a- 1) +6c> 
2(a - c)(a - 1) + 6c > 0. 

Suppose (5j > for i = 1, 2, 3 are such that 5± / J 2 and 2(S\ + 5 2 ) > ^3 — 6 > max{2<5i — 5 2 , 2<5 2 — 
Then we observe that the last inequality implies that S 2 + S 3 — 2S\ > 6 and S\ + S 3 — 2S 2 > 6, adding 
these two inequalities we have 2^3 — 5i — 5 2 > 12. Also a — c= |(<5i + 5 2 + S 3 ) — ^(2S 3 — S\ — 5 2 — 6) = 
|(2(5i + S 2 ) — 5 3 ) + 2. As a = a and c = c, a — 1 = a — 1>0 and the first inequality in the choice 
of 5i for i = 1,2,3 implies that a — c = a — c > 0, so the last two inequalities are satisfied. The first 
inequality in the choice of Si for i = 1,2,3 also implies that £3 > 6, so the first inequality follows. 
Hence all the required inequalities for the existence of K^ X '^ and K( x >&> are satisfied by this choice 
of Si >0 for i = 1,2,3. □ 

Proposition 3.9. Suppose Si > for i = 1,2,3 are such that 5 3 > S 2 > 3 + ^ and Si < min{2S 3 — 
S 2 ,2S 2 — S 3 } — 6. Then there exists reproducing kernels K^ x,t ^ and K^ X '^ such that /Ca )/x (0) = 
diag(£i,<5 2 ,£ 3 ) and % ^(0) = diag(£i, S 3 , S 2 ), where A, A > I, n = (I, m, fi 2 ), p, = (l,jui,ju 2 ), 
IH,% > for t= 1,2. 

Proof. We construct a reproducing kernel K^ X '^ such that K,^ ~(0) = diag(<5i, S 3 , S 2 ) for some A > 1, 

fi = (l,jui,/x 2 ), /I^ > for ^ = 1,2. By Lemma 3.2 and Remark 3.3 we obtain (a,b,c) from the 
following set of equations 

a-b-2 = S 1 
a + b — c ' = S 3 
a + c + 2 = S 2 

^ ^^^ ^ ^ ^ ^ ^ / 1 — 1 \ ^ / a \ 

where a = 2A, b = d 1 ,c = Adid 2 ■ This is same as Ax = b, where A = ^ 1 1 -1 J , x = lb J , 

/ <5 2 +2\ / S1+S2+S3 \ 

6=1 <5i . The vector a; = ^ 5 2 +<5 3 -25i-6 is the only solution of this system of equations. From 



S3 — 2J \ 25-2 — Si — 83- 

Lemma 3.5 and Theorem 3.7 we know that there exists K( x >**> such that /C-^~(0) = d\&g(Si,S 3 ,S 2 ) 
if 41 

51 + S 2 + S 3 >6 

5 2 + 5 3 - 2«Ji > 6 
2S 2 -S 1 -S 3 >6 

2(a-c)(a-l) + bc> 0. 

If (S\,S 2 ,S 3 ), Si > for i = 1,2,3 are such that there exists K^ X '^ and /Ca, m (0) = diag(<5i, <5 2 , S 3 ). 
Then (5j's for i = 1, 2, 3 satisfies the inequalities of Lemma 3.5. Hence there exists K^ X '^ and K^'^ 
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such that /Ca, m (0) = diag(<5i, <5 2 , <5 3 ) and /C^ ^(O) = diag(<5i, <5 3 , <5 2 ) if 

5 1 + 6 2 + <5 3 > 6 

5 2 + 5 3 - 25! > 6 
2<5 2 -5 1 -S 3 >6 
2S 3 -S 1 -S 2 >6 

2(o- c)(a- 1) + 6c> 
2(o- c)(a - 1) + 6c > 

We observe that a = a and b = b but c 7^ c if #2 7^ ^3. Suppose <5j > for i = 1,2,3 are such 
that S 3 > S 2 > 3 + ^ and <5i < min{2<53 — (52, 25 2 — 5 3 } — 6. Now the first inequality implies that 
S 3 > 6, hence the first inequality is satisfied. The last inequality implies that 25 3 — <5i — 5 2 > 6 and 
25 2 — (5i — (5 3 > 6, adding these two inequalities we have S 2 + 5 3 — 25i > 12. So the first four out of 
the set of six inequalities are satisfied. The second, third and the second, fourth from the set of the 
six inequalities respectively imply that ^3 — <5i > 4 and <5 2 — 5\ > 4. An easy computation involving 
the expressions for a, b, c and a, b, c in terms of Si for i = 1, 2, 3 shows that 2(a — c)(a — 1) + be > 
and 2(a — c)(a — 1) + be > are equivalent to (S\ + ^2) (2<5i + #2) + S 3 (S 2 — S\) + 6S\ > and 
(<5i + S 3 )(2Si + S 3 ) + S 2 (5 3 — Si) + 6(5i > 0. These are satisfied as S 2 — S± > 4 and S 3 — S± > 4. 

Hence all the required inequalities for the existence of K^ X '^ and K^ x ^ are satisfied by this choice 
of Si > for i = 1,2,3. □ 

Remark 3.10. The set {Si > : i = 1,2,3} satisfying the inequalities of Proposition 3.8 is non- 
empty. For instance, take Si = 1, 5 2 = 2 and any 5 3 in the interval (9,12). Then {S\,S 2 ,S 3 } 
meets the requirement. Similarly, taking any S\ in the interval (0, 1), S 2 = 7.5 and S 3 = 8, we find 
that {S±,S 2 ,S 3 } satisfies the inequalities prescribed in Proposition 3.9. Thus the two sets which are 
obtained from Propositions 3.8 and 3.9. are not identical 

Corollary 3.11. In Proposition 3.8 and Proposition 3.9, (A, fi) / (A,/i) and (X, fx) / (A,/i). 

Proof. By Lemma 3.4 it suffices to show that (a, b, c) / (a, b, c) and (a, b, c) / (a, b, c). In Proposition 
3.8 b 7^ b as S± 7^ S 2 and in Proposition 3.9 c 7^ c as S 2 7^ S 3 . □ 

Recall that M^''") denotes the multiplication operator on the reproducing kernel Hilbert spaces 
with reproducing kernel K^ x ' ,v \ 

Theorem 3.12 ([11], Theorem 6.2). The reproducing kernels K^ X '^ and K^ x are equivalent that 
is, the multiplication operators M^ X '^ and M^ x are unitarily equivalent if and only if (A, fx) = 
(A». 

Corollary 3.13. Suppose that and /f( A >£) are as i n Proposition 3.8 and 

Proposition 3.9 respectively. Then 

(a) the multiplication operators M^ X '^ and M^'^ are not unitarily equivalent. 

(b) the multiplication operators M^ X '^ and M^'^ are not unitarily equivalent. 

Proof. Proof follows immediately from Theorem 3.12 and Corollary 3.11. □ 

Remark 3.14. In Proposition 3.8 and Proposition 3.9, we have shown the following: Given a 
reproducing kernel K^ X '^ such that /Ca,/x(0) = diag((5i, S 2 , S 3 ) there exists a reproducing kernel K^'^ 1 
with (X,fi) / (A,/i) such that IC^ ^(0) = diag((5 p (!), <5 p ( 2 ), <5p(3)) and given a reproducing kernel K^'^ 

such that JC\ tfl (0) = diag(<5i, S 2 , S 3 ) there exists a reproducing kernel K^ X '^ with (X,fx) 7^ (X,fl) 
such that ^^(0) = diag((5 T( - 1 ), S T ^, S T ^), where p,T £ S3 with p(l) = 2,p(2) = l,p(3) = 3, 

r(l) = 1,t(2) = 3,t(3) = 2. In the next Proposition we prove that there does not exist K^ x '^ with 
(A, fx) / (A', u) such that ICy jV ,(0) = diag((5 (T ( 1 ) , S a ^, S a ^) if a G £3 and a / p,r. Obviously, there 
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exists Ka' := P a K^ X '^P* such that /C^ CT (0) = diag (<5 CT (i) j ^<t(2) j ^<t(3) ) / or a ^ 17 £ ^3; where P c is 
in -M(3, C) suc/i t/iai 

/p v. = f 1, ^ = (i,<r(i)), 
\ ohj \ o, otherwise; 

and h a {z) = K^'^\z, zf . As the reproducing kernels K^'^ and K^'^ are equivalent, that is, the 
multiplication operators on the reproducing kernel Hilbert spaces with reproducing kernels K^ X '^ 
and K^'^ are unitarily equivalent, we do not distinguish between them. 

Proposition 3.15. Given a reproducing kernel K^ X '^ such that IC\ tfJ ,{0) = diag(5i, 82, 83) there does 
not exist reproducing kernel K^ x ''^ with (A, /z) / (A',i>) such that /Cy^O) = diag(<5 .( 1 ),<5 .( 2 ),5 .(3)) 
if a G S3 and a 7^ p,r. 

Proof. Case 1. Pick a € £3 such that cr(l) = 3,ct(2) = 2,<r(3) = 1. 

The existence of two reproducing kernels K^ X '^ and such that /Cy^O) = diag(^i, 82, 83) 

and /Ca',i/(0) = diag^m, <5 CT ( 2 ), <5<r(3)) would imply, by an application of Lemma 3.5 to the ordered 
triples (<5i,<5 2 ,5 3 ) and ($7(1) , ^(2) , ^(3)), 

<5i + <5 2 + 83 > 6 
<5 2 + $3 - 2<5i > 6 
283 - <5i - (5 2 > 6 

^o-(l) + ^(2) + ^(3) > 6 
<^a(2) + <5a(3) ~ 2<5 -( 1 ) > 6 
2<5 CT (3) - <^(1) - <5<r(2) > 6. 

This set of inequalities are equivalent to 

5 1 +5 2 + 5 3 >6 
82 + 83- 2<5i > 6 
283 - <5i - (5 2 > 6 
<5i + <Ja - 25 3 > 6 
2<5i - <5 2 - <5 3 > 6. 

Adding the third and the fourth from these inequalities gives > 12. 
Case 2. Choose a £ S3 such that <r(l) = 2, cr(2) = 3, <r(3) = 1. 

As in the first case the existence of two reproducing kernels K^ X '^ and K^'^ such that JC\ ifl {0) = 
diag(<5i, <5 2 , 83) and }C\i >ir (0) = diag^m, <5<r( 2 ), ^ CT (3)) would imply, by an application of Lemma 3.5 
to the ordered triples {61,82,63) and {6 a ^ , 8 a ( 2 ) , 6 a (3) ) {= {62,83,81)), 

8 1 + 8 2 + 83 >6 

82 + 83- 28! > 6 
2<5 3 - <5i - 8 2 > 6 
<5i + 83 - 28 2 > 6 
28 x - 82 - 83 > 6. 

Adding second and fifth of these inequalities gives > 12. 
Case 3. Take a £ S3 such that cr(l) = 3, a{2) = 1, a{3) = 2. 

Finally, continuing in the same manner in the previous two cases, the existence of two 
reproducing kernels K( x >^ and K^ x such that JC\ ifl {0) = diag(<5i, <5 2 , 83) and JC\> tV {0) = 
diag(<5 CT ( 1 ) , <5 CT (2); ^o-(3)) would imply, by an application of Lemma 3.5 to the ordered triples {Si, 82, 83) 
and (<5 CT (i),5 CT ( 2 ),<5 CT (3))(= {5 3 ,S 1 ,5 2 )), 

8! + 82 + 83 >6 
82 + 83- 28! > 6 
2<5 3 - <5i - 8 2 > 6 
<5i + <5 2 - 25 3 > 6 
28 2 - 8 3 - 8 1 >6. 
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Adding third and fourth inequalities from this set of inequalities we have > 12. □ 

Corollary 3.16. There does not exist any multiplication operator M^ x ' ,u ^ not equivalent to M^ X '^ 
other than or such that /C A >(0) = /C A)ia (0) as sets of positive numbers, where and 

K( x '^\ K^'^ , K^'ffl are as in Proposition 3.8 and Proposition 3.9. 

Proof. Combining Corollary 3.13, Theorem 3.12, Corollary 3.6 and Proposition 3.15, we obtain a 
proof of this corollary. □ 

Remark 3.17. We discuss the case m = 1. Proceeding as in Lemma 3.2 we see that JC\ ifJ ,(0) = 
diag(a — b — 1, a + b + 1), where A > 1/2, n = (1, /ii), fi± > 0, a = 2A, b = d\~ l , d\ is defined as 
before. If JC\ itJ ,(0) = diag(«5i, 82), 8i > for i = 1,2, for some A > 1/2 and fi = (1,/ii), fj,i > 0. 
Then arguing as in Lemma 3.5 one notes that a = 2 A = Sl + Sz , b = S2 ~^~ 2 . As a = 2 A > 1 and 
b = d -1 > it follows that 81 + 82 > 2 and 82 — 8\ > 2 are necessary conditions for existence of a 
reproducing kernel K^ X '^ such that /C\, M (0) = diag(<5i, 82). If ' 8{ > for i = 1,2, proceeding as in 
Theorem 3.7, one observes that 82 — 8± > 2, 8± + 82 > 2 and d\ > 2 \-i = s 1 +5 2 -2 are ^ e sufficient 
conditions for existence of a reproducing kernel K^ X '^ such that IC\^(0) = diag(<5i, 82). Conversely, 
if 8i > for i = 1, 2 and 82 — 81 > 2 then clearly 81 + 8 2 > 2 and cq = ^ g 2 > <5i+IL-2 • ^ 
<5j > for i = 1,2 and <?2 — <5i > 2 are i/ie necessary and sufficient conditions for the existence of 
reproducing kernel K^ X '^ such that /C A , M (0) = diag(<5i, 82)- 

Remark 3.18. If 8i > for i = 1,2 and 82 — 8\ > 2 there does not exist a reproducing kernel K^ x '^ 
other than K^ X '^ (up to equivalence as discussed in Remark 3.14) such that IC\i^(0) = diag(o2, 81). 
If K^ x ''^ exists satisfying the above requirements then from Remark 3.17 we see that both of 82 — 
81 > 2 and 8\ — 82 > 2 have to be simultaneously satisfied. This is impossible as they imply 
> 4. Hence there does not exist inequivalent multiplication operators M^ X '^ and M^'^ such 
that JC\ tl j,(0) = /Cy ;I ,(0) as sets. 

Theorem 3.19. Suppose that K (x ^ and K (x ^\ are as in Proposition 3.8 and 

Proposition 3.9 respectively. Then 

(i) the multiplication operators M( x >^ and M^ X '^> are not equivalent although K.\ t(JL (z) and 
K.~ x ^(z) are unitarily equivalent for z in B. 

(ii) the multiplication operators M^ X '^ and M^ X '^ are not equivalent although K,\ t(JL {z) and 
/C^-(z) are unitarily equivalent for z in D. 

Proof. From 3.8 we see that the curvatures of the associated bundles have the same set of eigenvalues 
at zero namely, {81,82,83}. Since curvature is self-adjoint the set of eigenvalues is the complete set 
of unitary invariants for the curvature. So, /Ca,/x(0) and /C A ^(0) are unitarily equivalent. As the 

operators and are homogeneous, by an application of Theorem 2.6 we see that K\^{z) 

and K,~ x ^(z) are unitary equivalence for z£D. Now (i) follows from part (a) of Corollary 3.13. The 
proof of (ii) of this theorem is similar. □ 

The proof of the next Theorem will be completed after proving a sequence of Lemmas. We omit 
the easy proof of the first of these lemmas. 

Theorem 3.20. Suppose that M^ X '^ and M^ X ' ,L ^ are not unitarily equivalent and the two curva- 
tures tC\^{z) and 1C\i yU {z) are unitarily equivalent for z in D. Then there does not exist any invert- 
ible matrix L in A4(3, C) satisfying LJC\ tfJ ,(0) = JC\i tV (0)L for which L(/Ca, m )z(0) = (/Ca',^)s(0)L 
also. In other words, the covariant derivative of order (0, 1) detects the inequivalence. 

Lemma 3.21. Suppose that A = (^i%))" J=1 , A CT = ((&<T(i)<%))™j =1 > &i kj if i 3 an d C = 
((cy))^ =1 in A4(n,C) is such that CA = A CT C. Then Cij = (HjS^j for i,j = 1, . . . ,n, where a is 
in S n , S n denotes the permutation group of degree n. 
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Corollary 3.22. Suppose that there exists reproducing kernels K^ ,IX \ K^'& such that K,\ tfl (0) = 
diag(<5i,<5 2 ,<5 3 ), K,- X jl (0) = diag(<5 p(1) , <5 p(2 ), <5 p(3) ), 5i / S 2 and C = {(Hj)\ j=1 ™ M(S,C) is such 
that C7C,\ i/x (0) = fc\^(0)C, then = Cij8 p ^j for i,j = 1,2,3, where p G S3 is such that p(l) = 
2,p(2) = i,p(3)=3.' 

Proof. The proof of this Corollary is immediate from Lemma 3.21 once we ensure that 5\, 82, 83 are 
distinct. Recalling notations from Lemma 3.2 we write 8\ = a — b — 2, 82 = a + b — c, 5 3 = a + c + 2. 
Clearly, 83 — 5± = b + c + 4 > 0. Recalling notations from Proposition 3.8 one has 82 = a — b — 2, 
5\ = a + b — c, 83 = a + c + 2. So, £3 — 8 2 = b + c + 4 > 0. We have 83 > 81, 83 > 82 and 81 7^ 82 by 
hypothesis. Hence the proof is complete. □ 

The proof of the next Corollary is similar. 

Corollary 3.23. Suppose that there exists reproducing kernels K^ X '^\ K^ X '^ such that IC\ tfl (0) = 
diag(<5i,<5 2 ,<5 3 ), % ^(0) = diag(<5 r(1) , 5 r(2) , o" T ( 3) ), 8 2 / 83 and C = (cy))^. =1 in M(3,C) is such 
that C/Ca,/x(0) = /C-^~(0)C, then c^ = Cij8 T ^j for i,j = 1,2,3, where r G S3 is such that r(l) = 
l,r(2)=3,r(3) = 2.' M 

Lemma 3.24. Suppose that C = {cij^a(i),j]l^ j =1 f or a = Pi T i n ^3- Then C is invertible if and 
only if Cj i(7 (j) / for i = 1, 2, 3 and a = p,T in S3. 

Proof. Since det C / if and only if q jCr (j) 7^ for i = 1, 2, 3 and a = p, r in S3, the proof is 
complete. □ 

The proof of the following Lemma is straight forward. We recall that (£ m (ci, . . . ,Cm)} ep = 
ce8 P +i,e, 0<p,£<m. 

Lemma 3.25. Suppose that C = {cij$a(i),j])^ j =1 > c i,a(i) f or * = 1,2,3 and a = p,r in S3 is 
such that CS 2 (ci, c 2 )* = S 2 (c~i, c 2 )*C /or Cj, q in C /or i = 1, 2. T/ien q = q = /or i = 1,2. 

Lemma 3.26. (fc,\ :fJi )z(0) is not the zero matrix. 

Proof. If possible let (Xa, m )z(0) = 0. Then it follows from Lemma 3.2 that —Vb(l + b — §) = 
— \/c(l + c — |) = 0. Equivalently, 1 + 6— | = 1 + c — |, as 6 and c are positive. This implies that 
b = c. So, (Xa i/x )s(0) = implies by an application of Lemma 3.2 that —Vb(l + |) = 0, which is 
impossible as b is positive. □ 

Proof of Theorem 3.20: We observe by applying Proposition 3.8, Proposition 3.9 and Proposition 
3.15 that if M( A » is an multiplication operator not unitarily equivalent to M^ A '^ then (A',^) = 
(A,/i) or (A,/i). We reach the conclude by an straight forward application of Corollary 3.22, 
Corollary 3.23, Lemma 3.24, Lemma 3.25 and Lemma 3.26. □ 

The comments below are for the class of homogeneous operators constructed in [11]. 

Remark 3.27. Unfortunately, although we are able to carry out similar calculations for these 
operators of rank > 4 ; it is not clear, if this would completely answer the question raised in [6, 
page. 39]. Indeed, for rank 3, we have shown that the simultaneous unitary equivalence class of the 
curvature at along with the covariant derivative of curvature at of order (0, 1) determines the 
unitary equivalence class of these operators. Similarly, for rank 2, the unitary equivalence class of 
the curvature at determines the unitary equivalence class of the operator. 
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